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Abstrat
Quadrati urvature orretions to Einstein-Hilbert ation lead in gen-
eral to higher-order equations of motion, whih an indued instability of
some unperturbed solutions of General Relativity. We study onditions
for stability of de Sitter osmologial solution. We argue that simple form
of this ondition known for FRW bakground in 3+1 dimensions hanges
seriously if at least one of these two assumptions is violated. In the present
paper the stability onditions for de Sitter solution have been found for
multidimensional FRW bakground and for Bianhi I metris in 3 + 1
dimensions.
1 Introdution
Reently theories of higher-order gravity have beome a matter of intensive in-
vestigations. Some of them are motivated by string theory [1℄, other proposals
have been put forward in order to explain present aelerated expansion of the
Universe (see [2, 3℄ and referenes therein). One of the main features of these
theories is the fat that they generally lead to equations of motion whih on-
tain higher-order derivatives. In 3 + 1 dimensions all higher-urvature terms in
Lagrangian whih keep the equations of motion to be the same order dierential
equations as in General Relativity vanish [4℄. In string gravity the seond order
orretion ontains dilaton salar eld in addition to the gravity setor. These
orretions has a partiular struture (a produt of Gauss  Bonnet term and
a funtion of a dilaton eld) whih prevents the resulting equations of motion
from being of higher-order equation. However, these equations beome higher-
derivative starting from the 3-d order orretions (see, for example, [5℄.)
As the number of time derivatives in the equations of motions inreases in
omparison with the situation in lassial General relativity, the dimensional-
ity of the phase spae of the orresponding dynamial system inreases as well.
This may result in a dynamial behavior qualitatively dierent from that known
1
in GR: some important GR solutions an loose their stability (this eet from
a general point of view have been desribed in [6℄). Though higher-derivative
terms may be small on lassial solution, perturbations from higher-order or-
retions an grow in diretion of "additional" dimensions of the phase spae,
and a point whih is stable in GR may beome unstable in higher-order the-
ory. This situation has already been desribed in 4-th order string gravity for
Shwarzshild [7℄ and de Sitter solutions [8℄, as well as in osmologial senar-
ios with vauum polarization [9℄. The other proposal of this type is so alled
modied gravity with orretions in the form of funtion of the urvature f(R)
[10, 11℄ whih is also not free from instabilities [12, 13℄ (see, however, [14℄ and
reent rewiews [15, 16℄).
Reent understanding that modern string theories may admit many (a-
tually, very many) solutions in whih 4-D part is the (metastable) de Sitter
spae-time with a positive eetive osmologial onstant ([17, 18℄ and many
following papers) renew interest in the investigation of the stability of de Sit-
ter solutions in gravity theories ontaining higher order powers of the Riemann
tensor in their eetive Lagrangian. These terms were long known to arise from
quantum-gravitational orretions to the Einstein gravity (either the vauum
one, or interating with matter quantum elds). Presumably, some of them
may remain in the string theory in spite of many anellations due to its numer-
ous symmetries. Many partiular forms of seond order urvature terms have
been studied in onnetion to possible instabilities indued by them [19, 20, 21℄.
This work have been also extended to Rn gravity [22, 23℄. In the present paper
we study stability of de Sitter solution with respet to seond order urvature
orretions in their general form.
2 FRW Universe in 3 + 1 dimension
A general form of seond order urvature orretions is
S2 =
∫ √−g(αRiklmRiklm + βRikRik + γR2) d4x. (1)
However, in 3 + 1 dimensions the Gauss-Bonnet term
GB = RiklmRiklm − 4RikRik +R2
does not ontribute to equations of motion, and, then, we an rewrite (1) in the
form
S2 =
∫ √−g(αRiklmRiklm + βRikRik + γR2 − αGB) d4x. (2)
Introduing B = β+4α, C = γ−α we get the following ation for the theory
with a osmologial onstant term
S =
∫ √−g(R+BRikRik + CR2 − Λ) d4x. (3)
2
For the Friedmann-Robertson-Walker metris
gik = diag(−n(t)2, a(t)2, a(t)2, a(t)2). (4)
we have
R =
6
n2
[
a¨
a
− a˙
a
n˙
n
+
a˙2
a2
]
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R2ik =
12
n4
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a¨2
a2
− a¨
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a
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n˙2
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a˙2
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+
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a
a˙2
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− a˙
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n˙
n
+
a˙4
a4
]
.
Varying the ation (3) with respet to n and setting n = 1 we obtain the
following analog of Friedmann equation (we denote D = 12B + 36C):
6H2−Λ+2DH2(H˙+H2)−3DH4−D(H˙+H2)2+2DH(H¨+3HH˙+H3) = 0,
(5)
where H ≡ a˙(t)
a(t) is the Hubble parameter.
Note that the Friedmann equations, being algebrai in GR, beomes a dier-
ential one in the theory with seond order urvature orretions when D 6= 0. In
the D = 0 ase the Friedmann equation does not hange at all, and we exlude
this ase from the further analysis.
For stability studies this equation should be written in the form of a system
of two rst order equations:
H˙ = F,
F˙ = −3HF −H3 + 12DH (Λ− 6H2 + 2DH4 +DF 2) ≡ f.
(6)
The form of de Sitter solution (H˙ = 0,F˙ = 0) give us the equations for
orresponding stable points:
−H30 +
1
2DH0
(Λ− 6H20 + 2DH40 ) = 0,
its solution is H0 = ±
√
Λ
6 . It is remarkable, that this de Sitter solution is
exatly the same as in the pure GR, so higher-order orretions in the theory
under investigation do not shift the loation of the xed point. However, its
stability an be aeted by the higher-order terms.
Linearizing (6) we obtain
H˙ = F,
F˙ =
(
∂f
∂F
)
0
F +
(
∂f
∂H
)
0
H,
(7)
where
∂f
∂F
= −3H + F
H
,
∂f
∂H
= −3F − 3H2 − Λ− 6H
2 + 2DH4 +DF 2
2DH2
+
−12H + 8DH3
2DH
.
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Two eigenvalues of this system are
µ1,2 =
1
2
[(
∂f
∂F
)0 ±
√
(
∂f
∂F
)20 + 4(
∂f
∂H
)0].
For stability of the solution it is neessary that both eigenvalues have nega-
tive real parts. Substituting the de Sitter solution we get that in a stable point(
∂f
∂F
)
0
= −3H0.
As
(
∂f
∂F
)
0
< 0 in an expanding Universe, negativity of eigenvalues requires(
∂f
∂H
)
0
< 0. On the other hand, we have from (7) that in the de Sitter point
(
∂f
∂H
)
0
=
−6
D
,
whih means that the ondition for stability of the de Sitter solution is D =
12(α+ β + 3γ) > 0.
In is possible to onsider this result from a dierent point of view. Instead
of Riemann tensor, we an express seond order orretions through Weil tensor
C2iklm = R
2
iklm + (N − 6)R2ik +
(
7
3
− 13
18
N +
1
18
N2
)
R2,
where N is the dimensionality of spae-time and the urvature salar:
S =
∫ √−g(R+ B˜CiklmCiklm + C˜R2 − Λ) d4x, (8)
where B˜ = 2B = 2α+ 12β and
C˜ = 13 (B + 3C) =
1
3 (α+ β + 3γ) = D/36.
The Weil tensor vanishes on the Friedmann metris, and the general quadrati
orretions redue to the R2-term with the known result: the de Sitter solution
is stable if the oeient before R2-term in (8) is positive.
3 Multidimensional FRW Universe
It is instrutive to ompare this result with the situation in higher dimensional
theory, where the Gauss-Bonnet term does ontribute to dynamial equations.
To illustrate importane of this property, we onsider the theory with seond
order urvature orretions, whih we write down in the form
S =
∫ √−g(R +ACiklmCiklm +BRikRik + CR2 − Λ) dNx, (9)
As usual, Ciklm = 0 on the Friedmann metris, and we have two independent
parameters of the theoryB and C. The expliit forms of seond order orretions
on the Friedmann metris are
4
R =
(N − 1)
n2
[
2
a¨
a
− 2 n˙
n
a˙
a
+ (N − 2) a˙
2
a2
]
, (10)
R2ik=
(N − 1)
n4
[
N
a¨2
a2
−2N n˙
n
a˙
a
a¨
a
+N
n˙2
n2
a˙2
a2
+2(N−2) a¨
a
a˙2
a2
−2(N−2) n˙
n
a˙3
a3
+(N−2)2 a˙
4
a4
]
,
(11)
R2iklm =
2(N − 1)
n4
[
2
a¨2
a2
− 4 n˙
n
a˙
a
a¨
a
+ 2
n˙2
n2
a˙2
a2
+ (N − 2) a˙
4
a4
]
. (12)
Varying (9) with respet to n, setting n = 1 and solving the equation of
motion with respet to the seond derivative we get
H¨ = −12H(N−1)[BN+4C(N−1)] [(N − 1)(N − 2)H2 − Λ +B{(N − 1)2(N − 4)H4
−N(N − 1)H˙2 + 2N(N − 1)2H˙H2}+ C{N(N − 1)2(N − 4)H4 − 4(N − 1)2H˙2
+8(N − 1)3H˙H2}] ≡ f.
(13)
It should be noted that if BN + 4C(N − 1) = 0 the resulting equation of
motion does not ontain H˙ and H¨ terms, whih means that a new de Sitter
solution is trivially stable. This ase should be exluded from our analysis.
The de Sitter xed points an be found from the equation
(N − 1)2(N − 4)(B + CN)H40 + (N − 1)(N − 2)H20 − Λ = 0, (14)
and have the form
H20 =
−(N − 2)±
√
(N − 2)2 + 4Λ(N − 4)(B + CN)
2(N − 1)(N − 4)(B + CN) (15)
Comparing these results with those obtained in Se.2 we an see two impor-
tant dierenes from the previously studied ase of 3 + 1 dimensions:
• The de Sitter points are shifted in omparison with lassial point H2 =
Λ/((N − 1)(N − 2)). It happens due to the rst term in eq.(14) whih
vanishes in N = 4 dimensions.
• There are two dierent de Sitter solutions, orresponding to two positive
roots of (15). Eah of them has its own zone of existene, so depending
on B and C we an have two or one de sitter solutions, or the situation
when de Sitter solutions are absent.
The point with (+) sign in (15) has a regular behavior for B → 0, C → 0 (it
tends to unperturbed de Sitter solution), the behavior of the point with (−)
sign is singular. The latter point an not be an analog of any de Sitter point,
existing in the pure GR, and exists even in the ase of Λ = 0.
5
For stability analysis we should rewrite (13) in the form of dynamial system
(7). Using the same notations as in the previous setion, we get
(
∂f
∂F
)
0
= −(N − 1)H0,
and, for the same reason, the ondition for de Sitter stability is equivalent to
negativity of
(
∂f
∂H
)
0
. The eq.(13) gives
(
∂f
∂H
)
= − f
H
− 12H(N−1)[BN+4C(N−1)] [2(N − 1)(N − 2)H +B{4(N − 1)2(N − 4)H3
+4N(N − 1)2H˙H}+ C{4N(N − 1)2(N − 4)H3 + 16(N − 1)3H˙H}].
In the de Sitter point we get
(
∂f
∂H
)
0
= ∓
√
(N − 2)2 + 4Λ(N − 4)(B + CN)
BN + 4C(N − 1) , (16)
We get that stability onditions depend on the sign of the ombination E =
BN+4C(N−1). If it is positive, the regular de Sitter point (if exists) is always
stable, while the singular de Sitter point is always unstable, independently of Λ.
If it is negative, the regular point is unstable, and the singular point is stable.
The onditions for existene of these de Sitter points an be easily derived
from (15). Two onditions whih should be satised are: (N − 2)2 + 4Λ(N −
4)(B + CN) > 0 and H20 > 0. Corresponding zones on (B,C) plane are shown
in Fig.1.
Combining these results with the stability analysis we an distinguish the
following zones in the parameter spae (B,C) (see Fig.2):
• for negative E: 1) Zone with one unstable regular de Sitter (NOR), 2) zone
with one stable (singular) and one unstable (regular) de Sitter (ROSK),
3) zone without de Sitter solutions(KSM).
• for positive E: 1) Zone with one stable regular de Sitter (PON), 2) zone
with one stable (regular) and one unstable (singular) de Sitter (POSL),
3) zone without de Sitter solutions (LSM).
4 Bianhi I Universe in 3 + 1 dimensions
The situation beome less simple even in 3+1 dimensions if we allow anisotropi
perturbations of the de Sitter solution, whih means that the Weil tensor has a
non-zero ontribution to the equations of motion
1
.
Consider a at homogeneous anisotropi Universe with the Bianhi I metris
in the form
1
Main results of this setion have been found independently using another set of variables
in [25℄.
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0B
C
a
b
Figure 1: Zones of de Sitter solutions for the ation (9). A singular de Sitter
exists in double shaded band zone between line a [B+CN > −(N−2)2/(4Λ(N−
4))℄ and b [B+CN > 0℄, a regular de Sitter exists in both double shaded band
and shaded zone above the line b.
gik = diag(−n(t)2, a(t)2, b(t)2, c(t)2). (17)
It should be noted that in the presene of general quadrati urvature or-
retions the diagonal form of the metris (17) is not the general one [24℄. We
restrit ourself by this speial form for simpliity. We show that even in this less
general ase we have additional restritions for stability onditions of de Sitter
solution.
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Figure 2: Zones of de Sitter stability for the ation (9). The lines LK and PR
are the same as in Fig.1; the line MN is the E = 0 line. The regular de Sitter
(if exists) is stable above this line, the singular de Sitter is stable below this line
Starting from the ation (3) we have three equations of motion
2H˙b + 2H˙c + 2H
2
b + 2H
2
c + 2HcHb − L+ 2B(H(3)b + 3H˙2b + 2H(3)a + 3H˙2a +H2aH˙b
+3H¨cHc + 3H˙
2
c +H
(3)
c +H4b −H4a + 5HcH˙aHa +HaHcH˙b −H2bHaHc −H2cHaHb
+HbH
2
aHc + 4HcH˙bHb +H
4
c + 4H˙cH
2
c + 4HcH¨a + 2HcH¨b +HaH¨b + 2HbH¨c
−H3cHa +H3cHb −H3aHc −H3aHb +H3bHc −H3bHa + 2H2cH2b +HaH¨c − 2H2aH˙a
+4HaH¨a + 4H
2
b H˙b + 3HbH¨b + 4HbH¨a + 3H˙aH˙b + H˙aH
2
b + 3H˙aH˙c + H˙aH
2
c
+H2aH˙c + 3H˙bH˙c + 2H˙bH
2
c + 2H
2
b H˙c −HaH˙bHb + 4HbH˙cHc −HaH˙cHc
+HbHaH˙c + 5HbH˙aHa + 4HcHbH˙a) + 4C(2H
(3)
c −H2cH2a + 6H¨cHc +H4b
+5H˙2c −H4a +H4c + 2H(3)a + 3H˙2a + 2H(3)b + 5H˙2b − 2HbH2aHc + 2H3cHb − 2H3aHb
−2H3aHc + 2H3bHc −H2bH2a + 3H2cH2b + 2HaH¨c + 2HaH¨b + 4HcH¨b + 4HbH¨a
+6H2b H˙b + 6HbH¨b − 2H2aH˙a + 4HaH¨a + 4HcH¨a + 6H˙cH2c + 4H˙aH˙b + 2H˙aH2b
+6H˙bH˙c + 4H˙bH
2
c + 4H
2
b H˙c + 4HbH¨c + 4H˙aH˙c + 2HaH˙cHc + 2HaH˙bHb
+2HbHaH˙a + 4HcHbH˙a + 2H˙aH
2
c + 8HcH˙bHb + 2HcH˙aHa + 2HbHaH˙c
+8HcHbH˙c + 2HcHaH˙b) = 0,
(18)
8
where Ha = a˙/a, Hb = b˙/b, Hc = c˙/c, two others an be obtained by transmu-
tation a⇆ c and a⇆ b.
Substituting the de Sitter solution (Ha = Hb = Hc = H0 =Const), we
get that the de Sitter solution has its unperturbed form H0 =
√
Λ/6. After
evaluating the orresponding system of equation of motion, we nd the following
eigenvalues
µ1,2,3 = −3H0, (19)
µ4,5 =
−18CH0 − 6BH0 ± 2
√
81C2H20 + 54BCH
2
0 + 9B
2H20 − 6C − 2B
2(6C + 2B)
,
(20)
µ6,7,8,9 =
−3BH0 ±
√
33B2H20 + 4B + 96BCH
2
0
2B
. (21)
In expanding Universe we have always µ1,2,3 < 0. The ondition µ4,5 < 0
leads to the already known result B+3C > 0. However, we have now additional
restritions arising from the ondition µ6,7,8,9 < 0. It leads to ΛB+4CΛ+1 < 0
if B > 0 and Λ|B| − 4CΛ− 1 < 0 if B < 0. Note that these stability onditions
now depend not only on oeients before the higher-order terms in the ation
(3), but also on the value of the osmologial onstant Λ. These additional
restritions arise from instability with respet to anisotropi perturbations of the
de Sitter metris. It is interesting that independently of Λ the whole quadrant
B > 0, C > 0, whih always satises the stability onditions in a FRW Universe,
is exluded in anisotropi ase (see Fig.3)
In the representation (8) we have the following onditions 4C˜Λ < B˜Λ/6− 1
for B˜ > 0 and 4C˜Λ > |B˜|Λ/6− 1 for B˜ < 0. (see Fig.4).
5 Conlusions
We have studied the inuene of seond order urvature orretions in their gen-
eral form on stability of de Sitter solution. Our results for the 3+1 dimensional
spae-time and for higher-dimensional ases diers signiantly. The reason of
this dierene is non-zero ontribution from the Gauss-Bonnet ombination for
higher-dimensional spae-times. In 3 + 1 dimension the de Sitter solution al-
ways exists, though it may be stable or unstable depending on partiular form
of the seond order orretions. The stability ondition takes a very simple and
independent of the value of osmologial onstant Λ form for isotropi Universe,
though beome more ompliated in anisotropi Universe.
In multidimensional Universe even in isotropi ase (the only onsidered
in the present paper) there are several possibilities. Depending on the ation
we may have two de Sitter solutions ( in this ase one solution is stable and
one solution is unstable), one de Sitter solution (whih an be either stable or
unstable), and there are theories with no de Sitter solutions at all.
There results an be useful in onstrutions of osmologial senarios taking
into aount higher-derivative terms. Instability of a regular de Sitter solutions
9
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2E
Figure 3: Zones of de Sitter stability for the ation (3) (shaded) The de Sitter
solutions in zone below the line 1 are unstable on isotropi bakground, the
solutions in the unstable zone above the lines 1 and 2 are unstable due to
anisotropi perturbations.
an damage the standard inationary senario when lose to de Sitter ina-
tionary stage is produed by an eetive osmologial onstant originated in a
matter setor of the theory. This opens a prinipal possibility to rule out some
theories of this type from the observational point of view. On the other hand,
unstable singular de Sitter solution an be used in alternative approah to ina-
tion [26℄. Our results show that quadrati urvature orretions in Lagrangian
an produe suh kind of solutions only in multidimensional Universe.
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Figure 4: Zones of de Sitter stability for the ation (8) (shaded) The unstable
zone in the upper half-plane appears due to anisotropi perturbations.
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